Probing Non-Abelian Statistics in nu=12/5 Quantum Hall State by Law, K. T.
ar
X
iv
:0
70
7.
39
95
v3
  [
co
nd
-m
at.
me
s-h
all
]  
15
 Ja
n 2
00
8
Probing Non-Abelian Statistics in ν = 12/5 Quantum Hall State
K.T. Law
Department of Physics, Brown University, Providence, Rhode Island 02912, USA
The tunneling current and shot noise of the current between two Fractional Quantum Hall (FQH)
edges in the ν = 12/5 FQH state in electronic Mach-Zehnder interferometer are studied. It is
shown that the tunneling current and shot noise can be used to probe the existence of k = 3
parafermion statistics in the ν = 12/5 FQH state. More specifically, the dependence of the current
on the Aharonov-Bohm flux in the Read-Rezayi state is asymmetric under the change of the sign
of the applied voltage. This property is absent in the Abelian Laughlin states. Moreover the Fano
factor can exceed 12.7 electron charges in the ν = 12/5 FQH state . This number well exceeds the
maximum possible Fano factor in all Laughlin states and the ν = 5/2 Moore-Read state which was
shown previously to be e and 3.2e respectively.
I. INTRODUCTION
Particles other than bosons and fermions can exist in
two dimensions. One possibility is that when one particle
makes a circle around another particle, the total many-
particle wave function acquires a non-trivial phase factor
eiφ where φ can be a real number, not constrained to be
0 or 2π. Those particles are called Abelian anyons.1,2 A
more exotic situation can happen when the state of the
system is described by a multi-component state vector as
the positions of the particles are specified. The actions
of braiding a particle around another are represented by
unitary matrices acting on the state vector. If the braid-
ing matrices do not commute with each other, the parti-
cles under study are called non-Abelian anyons.3,4
Both Abelian and non-Abelian anyons are proposed to
exist in Fractional Quantum Hall (FQH) systems. Arovas
et al.5 show that the fractionally charged quasiparticles
in Laughlin states obey fractional statistics with φ = 2πν
where ν is the filling factor. In the paper by Moore and
Read,6 it was argued that quasiparticles in FQH systems
with filling factor ν = 5/2 possibly obey non-Abelian
statistics. Later, Read and Rezayi suggested that quasi-
particles in the more recently observed ν = 12/5 FQH
state7,8,9 may also obey non-Abelian statistics but with
an even richer structure,10 which can support universal
topological quantum computing.11
Several theoretical proposals have been made to probe
Abelian and non-Abelian anyons in FQH systems. Using
an elegant two point contact interferometer with an anti-
dot in the middle of a quantum hall bar to probe Abelian
anyons in Laughlin states was initially proposed in Ref.
12. Later, the same idea was extended to probing non-
Abelian quasiparticles.13,14,15,16,17,18,19 Other proposals
are also available,20,21,22,23 but there are no experimen-
tal realizations of those ideas so far. Recently an elec-
tronic Mach-Zehnder interferometer (MZI) in the integer
quantum Hall regime, whose schematic diagram shown in
Fig. 1, has been fabricated at the Weizmann Institute.25
Unlike the Fabry-Perot interferometer proposed in Ref.
12 in which the interference pattern can be destroyed
by fluctuations of the number of quasiparticles trapped
inside the interferometer, the MZI interferometer is free
from this limitation, as long as the fluctuations are suf-
ficiently slow compared with the quasiparticle tunneling
rate. We believe that a similar device in the FQH regime
can be realized with higher magnetic fields and will pro-
vide a practical way to probe the existence of non-Abelian
anyons.
In this paper, we suggest that the tunneling current
and shot noise of the current between two FQH edges in
MZI geometry with two quantum point contacts (QPCs)
can be used to probe the existence of non-Abelian anyons
in ν = 12/5 FQH state. We show that: i) The tunneling
current can be reduced to a sinusoidal form I(Γ1,Γ2) =
I0(Γ1,Γ2)+ IΦ(Γ1,Γ2) cos(2πΦa+ const) when Γ2 ≪ Γ1,
where Γ1 and Γ2 are the tunneling amplitudes at the
QPCs shown in Fig. 1 and Φa denotes the magnetic flux
enclosed by the two FQH edges. There is a scaling rela-
tion between I0 and IΦ. The scaling exponent b, defined
as IΦ(Γ1,Γ2) ∼ [I0(Γ1,Γ2)− I0(Γ1, 0)]b, equals to 5/2 in
the ν = 12/5 Read-Rezayi state. This value is the same
as the one in ν = 1/5 Laughlin state but different from
b = 2 in the ν = 5/2 Moore-Read state.24,26 ii) The flux
dependence of the tunneling current is asymmetric un-
der the change of the sign of the applied voltage. iii) The
Fano factor, which is defined as the ratio between the shot
noise and the tunneling current, can be as large as 12.7
in units of one electron charge in the ν = 12/5 state. As
it was previously shown in Ref. 27, the maximum Fano
factor is one electron charge and 3.2 electron charge for
the Laughlin states and the ν = 5/2 Moore-Read state
respectively. The last two properties, the asymmetric
I-V curve and larger than one electron charge Fano fac-
tor, are direct consequences of the non-trivial fusion rules
and braiding rules of the quasiholes. Their observations
would provide experimental evidence for the existence of
non-Abelian statistics in the ν = 12/5 FQH state.
Calculating the tunneling current and shot noise in
the MZI geometry is more complicated than in the sim-
ple Fabry-Perot geometry.12 This is due to the fact that
the number of quasiparticles trapped inside the interfer-
ometer changes when a quasiparticle tunnels from one
edge to the other. As a result, the statistical phase due
to the quasiparticles enclosed by the interference paths
changes. Hence, the tunneling probabilities of the tunnel-
2ing quasiparticles changes accordingly after every tunnel-
ing event.24,26,27 However, we show that in the ν = 12/5
FQH state, quasiparticles trapped inside the interferom-
eter can fuse together to form only ten non-equivalent
classes of states (or superselection sectors) which are
characterized by their electric and topological charges.
Tunneling of a quasihole from one edge to another edge
changes one state into another. The transition rates be-
tween the ten non-equivalent classes depend on the fusion
rules and braiding rules of the quasiparticles as well as
other experimental parameters. We will calculated the
tunneling current and the corresponding shot noise in
sections V and VI. For the purpose of illustration, some
of the relevant results24,26,27 concerning the ν = 5/2 FQH
state are reproduced throughout this paper.
This paper is organized as follows. In section II, the
structure of electronic MZI is explained. In section III,
we work out the fusion rules and braiding rules for the
quasiparticles in the ν = 5/2 and ν = 12/5 FQH states.
In section IV, we calculate the transition rates between
the non-equivalent classes in the MZI. In section V and
VI, the tunneling current and shot noise is calculated.
Section VII presents the conclusion.
II. ELECTRONIC MACH-ZEHNDER
INTERFEROMETER
In this section, the structure of an electronic MZI will
be explained. We will also see how the non-trivial statis-
tical phase φs can affect the tunneling current and noise
dramatically.
A schematic diagram of an electronic MZI is depicted
in Fig. 1. S1, S2, D1, D2 denote the sources and drains
of the corresponding FQH edges 1 and 2. The arrows on
the edges indicate the edge mode propagation directions.
A and B are two points on the edges. Quasiparticles
on the edges are allowed to tunnel from one edge to the
other through two QPCs denoted by QPC1 and QPC2
respectively. As the bulk excitations are gaped, the low
energy physics of the MZI is determined by the edges.
Hence, the Hamiltonian can be written as
Hˆ = Hˆedge + [(Γ1Tˆ1 + Γ2Tˆ2) +H.c.], (1)
where Hˆedge denotes the Hamiltonian for the two edges
and Tˆ1 and Tˆ2 are tunneling operators which transfer
a quasihole from edge 1 to edge 2 at QPC1 and QPC2
respectively.
A voltage difference V between S1 and S2 will result
in a tunneling current from one edge to the other, say,
from edge 1 to edge 2. For a quasiparticle to arrive at
D2 from S1, there are two possible tunneling paths S1-
QPC1-A-QPC2-D2 and S1-QPC1-B-QPC2-D2. In the
integer Quantum Hall regime when the tunneling quasi-
particles are electrons, the transition rate depends on the
tunneling amplitudes Γ1 and Γ2 as well as the Aharonov-
Bohm phase φAB = 2πΦa/Φ0, where Φa is the magnetic
FIG. 1: Schematic picture of the Mach-Zehnder interferome-
ter. S and D denote sources and drains. Arrows indicate the
propagation direction of the chiral edge modes. Quasiparti-
cles tunnel between edges 1 and 2.
flux enclosed by the two tunneling paths. For small Γ1
and Γ2, the transition rate can be written as
24
p = r0{(|Γ1|2+ |Γ2|2)+2u|Γ∗1Γ2| cos[2πΦa/Φ0+δ]}, (2)
where r0 and u are functions of temperature T , the ap-
plied voltage V and the interferometer size L whose exact
form can be calculated by using the Hamiltonian in Eq.
(1), δ = arg(Γ∗1Γ2). The tunneling current in the inte-
ger Quantum Hall regime is simply II = ep.
24 The zero
frequency shot noise can be written as SI = eII .
27 The
Fano factor SI/II is independent of the applied magnetic
flux and equals 1 in the units of an electron charge.
In the FQH regime, the tunneling quasiparticles are
anyons with fractional electric charge qe, where q is a
fractional number. In addition to the Aharonov-Bohm
phase φAB = 2πqΦa/Φ0, a tunneling quasiparticle expe-
rience a statistical phase φs originated from other quasi-
particles enclosed by the tunneling paths.
In the Laughlin states with ν = 1/m, φs = n2πν where
n is the number of quasiparticles inside the interferome-
ter. The transition rate can be written as:
pn = r0{(|Γ1|2+|Γ2|2)+2u|Γ∗1Γ2| cos[2πqΦa/Φ0+φs+δ]}.
(3)
It is important to note that the transition rate depends
on n mode m. At zero temperature, there is a sim-
ple way to calculate the tunneling current. Let us as-
sume that there are n = km quasiparticles inside the
interferometer initially. Then, the transition rate is p0
and the average time to transfer a quasiparticle from
S1 to D2 is t0 = 1/p0. After one quasiparticle tunnel-
ing, n is increased by one, the transition rate becomes
p1 and t1 = 1/p1. After m tunneling events, the tran-
sition rate returns to the initial value. The total time
needed to transfer m quasiparticles is t¯ =
m−1∑
i=0
ti. Hence,
in terms of the transition rates, the tunneling current in
the ν = 1/m Laughlin state is I1/m = e/(
n=m−1∑
n=0
1/pn).
This zero temperature result together with the finite tem-
perature ones can be derived rigorously using the chiral
Luttinger liquid theory of the edge states.24 Moreover,
one can also show that the zero frequency shot noise is
3S1/m = e
2(
n=m−1∑
n=0
1/p2n)/(
n=m−1∑
n=0
1/pn)
3.27 The Fano fac-
tor is flux dependent since the tunneling rates pn de-
pend on the applied magnetic flux. Finally, we have
S1/m/eI1/m = (
n=m−1∑
n=0
1/p2n)/(
n=m−1∑
n=0
1/pn)
2 ≤ 1.27
For the non-Abelian states, the situation is more com-
plicated. A quasiparticle in the non-Abelian states is
characterized by its electric charge and its topological
charge. The statistical phase φs depends on the number
of quasiparticles inside the interferometer as well as the
topological charges of the tunneling quasiparticle and of
the quasiparticles inside the interferometer. The statis-
tical phase φs in the cases of the ν = 5/2 Moore-Read
state and the ν = 12/5 Read-Rezayi state will be cal-
culated in the section III. Moreover, the result of fusing
two topological charges together may not be unique. For
instance, the topological charge of a quasihole in the 5/2
state is σ. According to the fusion rules, two σ fields can
fuse together and the resulting field can be I or ψ with
equal probability 1/2. The factor 1/2 modifies the tran-
sition rates. In the ν = 12/5 FQH state, the situation is
slightly more complicated. The transition rates will be
studied in detail in section IV.
III. STATISTICAL PHASE
Generalizing the idea of Moore and Read,6 Read and
Rezayi pointed out that the ν = 5/2 and ν = 12/5 states
can be described by the k = 2 and k = 3 parafermion
conformal field theories respectively.10 More specifically,
a quasiparticle operator can be written as Ψq.p = Φ
l
mVα
where the parafermion field Φlm describes the topologi-
cal charge of the quasiparticle and the vertex operator
Va =: e
iaφc : describes its electric charge. The braiding
properties between quasiparticles depend on both of the
quantum numbers. In this section, we review the fusion
rules and braiding rules of the parafermion theories and
the chiral boson theory. The statistical phase φs acquired
when a quasiparticle makes a full circle around another
in the non-Abelian states is calculated.
A. Parafermion and chiral boson theories
The parafermion conformal field theory29,30 has central
charge c = 2k−2k+2 in the Virasoro algebra. The primary
fields in the theory are labeled as Φll and have conformal
dimension hl =
l(k−l)
2k(k+2) where l = 0, 1, ..., k− 1. Each Φll
generates a series of fields Φlm with conformal dimensions
hlm = hl +
(l−m)(l+m)
4k , for − l ≤ m < l,
hlm = hl +
(m−l)(2k−l−m)
4k , for l ≤ m ≤ 2k − l.
(4)
The conformal fields are subject to the constraints l+m ≡
0 (mod2) and Φlm = Φ
k−l
k+m = Φ
l
m+2k. The fusion rules
and the operator product expansions for the conformal
fields are given in Refs. 29 and 30 and can be written as:
Φlm × Φl
′
m′ =
min(l+l′,2k−l−l′)∑
n=|l−l′|
Φnm+m′ . (5)
Φlm(z)Φ
l′
m′(0) =
∑
n
Cll
′n
mm′z
∆hΦnm+m′(0) (6)
where the expansion coefficients Cll
′n
mm′ are constants and
∆h = hnm+m′ − hlm − hl
′
m′ . The exponent ∆h in Eq.
(6) is important as it gives the statistical phase, 2π∆h,
acquired when a conformal field Φlm makes a full circle
around another conformal field Φl
′
m′ when the result of
fusing these two fields is Φnm+m′ .
On the other hand, a free chiral bosonic field is gov-
erned by the action
S = − 1
4π
∫
dxdt[∂tφc∂xφc + (∂xφc)
2]. (7)
The vertex operator Va =: e
iaφc : has conformal dimen-
sion a
2
2 .
31 The operator product expansions between ver-
tex operators have the form
Va(z)Vb(0) = Cabz
abVa+b(0) (8)
so that the fusion rule between vertex operators is
Va × Vb = Va+b. (9)
B. ν = 5/2 Moore-Read state
The ν = 5/2 Moore-Read state can be described by
the k = 2 parafermion theory. According to IIIA, we
can easily see that Φ00, Φ
0
2 and Φ
1
1 are the only three
independent fields in the theory. Following the notations
in Ref. 10, we label the fields as I, ψ and σ respectively.
The conformal dimension of the three fields are 0, 12 and
1
16 respectively according to Eq. (4). Following Eq. (5),
the fusion rules are: ψ × ψ = 1, ψ × σ = σ and σ × σ =
1 + ψ.
One of the important observations of Moore and Read
is that the ground state trial wavefunction of the ν = 5/2
FQH state can be expressed as the correlation function
of operators of the form ψ : e
√
2φc :,
Ψ5/2 = Pf(
1
zi−zj )
∏
i>j(zi − zj)2 =
< ψ(z1), ψ(z2) · · ·ψ(zN )ei
√
2φ(z1)ei
√
2φ(z2) · · · ei
√
2φ(zN )Φbg >,
(10)
where Pf is the Pfaffian and Φbg = e
−i
∫
d2z
√
2ρ0φ(z)
is the background charge operator with ρ0 denotes the
charge density. Evidently, the electron operator can be
identified as Ψ5/2,el. = ψ : e
√
2φc :. Moreover, one can
show that the states with quasiholes can be obtained by
4inserting operators σ : e
1
2
√
2
φc : into the correlator in Eq.
(10). As a result, the quasihole operator can be written
as Ψ5/2,q.h. = σ : e
1
2
√
2
φc :. In other words, a quasihole
carries electric charge e4 and topological charge σ. With
the identification of the quasiparticle operators with the
conformal fields, we may calculate the statistical phases
φs acquired when a quasihole makes a full circle around
another excitation with electric charge n e4 and topolog-
ical charge α. In the ν = 5/2 state, α can take three
values: I, ψ and σ.
The statistical phase can be written as the sum of two
contributions:
φs = n
π
4
+ φβσα. (11)
The first term on the right hand side of Eq. (11) orig-
inates from the vertex operators. It can be calculated
from substituting a = 1
2
√
2
, b = n
2
√
2
and z = e2pi
into Eq. (8). The second term φβσα originates from the
parafermion fields where α denotes the topological charge
of the other excitation and β denotes the fusion result of
σ and α. According to Eqs. (5) and (6), if α = I ,
φσσI = 0; if α = ψ, φ
σ
σψ = π; however, if α = σ, there
are two possibilities, φIσσ =
−pi
4 and φ
ψ
σσ =
3pi
4 . These
results are consistent with the ones derived by using the
algebraic theory of anyons in Ref. 26.
C. ν = 12/5 Read-Rezayi state
Read and Rezayi proposed that the ν = 12/5 FQH
state can be described by the k = 3 parafermion theory.
According to IIIA, one can find six nonequivalent con-
formal fields in this theory. Following the notations in
Refs. 10 and 19, we define the six nonequivalent fields as
Φ00 = I, Φ
0
2l = ψl, Φ
l
l = σl and Φ
2
0 = ǫ, where l = 1, 2.
The fusion rules which are relevant to our calculations
can be written as:
I × σl = σl, ψl × σl = ǫ,
ψ3−l × σl = σ3−l, ǫ× σl = ψ3−l + σl,
σl × σl = ψl + σ3−l, σ3−l × σl = I + ǫ.
(12)
The ground state trial wave function of the FQH state
can be obtained by the correlation function of electron
operators with the form Ψ12/5,el. = ψ1 : e
i
√
5
3φc : and
the quasihole operator can be written as Ψ12/5,q.h. = σ1 :
ei
√
1
15φc :. Evidently, a quasihole carries e5 electric charge
and topological charge σ1. Similar with the case of the
ν = 5/2 state, the statistical phase of a quasihole making
a full circle around an excitation with electric charge n e5
and topological charge α can be written as the sum of two
contributions φs = n
2pi
15 + φ
β
σ1,α. The first contribution
can be obtained by substituting a = 1√
15
, b = n 2pi√
15
and
z = ei2pi into Eq. (8). The non-Abelian contribution
φβσ1,α = 2π(hβ − hα − hσ1) can be calculated from the
conformal dimensions of the fields. The results are listed
in Table I.
TABLE I: Statistical phase originating from topological
charges in the ν = 12/5 state
φβσ1α φ
ψ2
σ1ǫ
φσ1σ1ǫ φ
ǫ
σ1ψ1
φσ2σ1ψ2 φ
ψ1
σ1σ1
φσ2σ1σ1 φ
I
σ1σ2
φǫσ1σ2
Phase 2pi 1
5
2pi 3
5
2pi 2
3
2pi 1
3
2pi 8
15
2pi 14
15
2pi 13
15
2pi 4
15
FIG. 2: The numbers from 1 to 6 labels the six non-equivalent
classes of the composite particle enclosed by the interferome-
ter in the ν = 5/2 Moore-Read state. The quantum number
inside the bracket denote the electric charge and the topo-
logical charge of the state respectively. The arrows indicate
the transition direction at zero temperature. pl denote the
transition rates and the factors of 1/2 are due to the fusion
probabilities.
IV. TRANSITION RATES
In MZI geometry, the quasiholes inside the area en-
closed by QPC1-A-QPC2-B-QPC1 can be seen as a com-
posite particle with electric charge nqe, and topological
charge α from the point of view of a tunneling quasihole
on the FQH edges. In the ν = 5/2 state, for n quasiholes,
the electric charge is ne/4 and the topological charge α
may take value I, ψ or σ, as a result of fusing n σ fields.
When n is odd, the topological charge is σ. When n
is even, the topological charge can be I or ψ. We can
obtain six non-equivalent classes of states by fusing n
quasiholes. The six classes are: 1(−e4 , σ), 2(0, I), 3(0, ψ),
4( e4 , σ), 5(
e
2 , I) and 6(
e
2 , ψ). The numbers in the bracket
represent the electric charge (mod e) and the topological
charge respectively. The six classes are represented as
vertexes in Fig. 2. State (3e4 , σ) is identified with state
(−e4 , σ) since they differ from each other by an electron.
The arrows represent the transition directions between
states at zero temperature. The transition rates are la-
beled as pk where
pk = r0{(|Γ1|2+|Γ2|2)+2u|Γ∗1Γ2| cos[2πΦa/4Φ0+kπ/2+δ]}.
(13)
These results can be obtained from Eq. (3) with q = 14
and the results for φs in section IIIB. The transition rates
from 1 → 2, 1 → 3, 4 → 5 and 4 → 6 are modified
by a factor of 1/2 which is called the fusion probability.
Heuristically, if the quasiparticle inside the interferom-
eter has topological charge σ, the fusion result of the
quasiparticle with a quasihole is not unique according to
the fusion rule σ×σ = 1+ψ. There are equal probabili-
ties that the resulting field is I or ψ. One may follow the
arguments in Refs. 27,32 to calculate the fusion proba-
5FIG. 3: Two pairs of particles a¯a and b¯b are created out of
the vacuum and particles a(a¯) and b(b¯) are fused together to
result in particle c(c¯).
bilities pIσσ and p
ψ
σσ.
In the context of algebraic theory of anyons, suppose
two particle-antiparticle pairs aa¯ and bb¯ are created out
of the vacuum, if a and b are fused together, what is
the probability pcab that the resulting particle is c? This
process is depicted in Fig. 3, the amplitude of the process
is shown to be
√
dc
dadb
, where dα denotes the quantum
dimension of a particle with topological charge α. Hence,
the fusion probability is27,28,32
pcab =
∑
i
dc
dadb
= N cab
dc
dadb
, (14)
where N cab is called the fusion multiplicity which gives
the number of ways that a and b can be fused together
to result in c.
In the ν = 5/2 state, dI = dψ = 1 and dσ =
√
2. N cab
can be zero or 1 according to the fusion rules. As a result,
we have pIσσ = p
ψ
σσ = 1/2.
In the ν = 12/5 FQH state, the fusion results of the
quasiparticles inside the interferometer can be classified
into ten non-equivalent classes. The ten classes are rep-
resented by the vertexes in Fig. 4, from state 1 to state
10. The quantum numbers inside the bracket denote the
electric charge and the topological charge of the state.
State 1(2) and state 1′(2′) are in the same class because
they differ from each other by an electron which can be
labeled as (−e, ψ1). The transition rates between the
states are denoted by pl where
pl = r0{(|Γ1|2+|Γ2|2)+2u|Γ∗1Γ2| cos[2π(Φa/Φ0+l)/5+δ]}.
(15)
Similar with the case in the ν = 5/2 FQH state, pl can be
obtained from Eq. (3) and the results of the statistical
phase φs = n
2pi
15 + φ
β
σ1,α from section III. The transition
rates are modified by the corresponding fusion proba-
bility. Quasiparticles with topological charge I, ψ1 and
ψ2 have quantum dimension 1 and quasiparticles with
topological charge σ1, σ2 and ǫ have quantum dimension
τ = 2cos(π/5). Hence, from Eq. (14), the fusion proba-
bilities can take three values 1, 1τ and
1
τ2 . For example,
when a quasihole with electric charge e/5 and topologi-
cal charge σ1 fuses with a quasiparticle in state 1(0, I),
the resulting state has electric charge e/5 and topolog-
ical charge σ1 with probability 1. On the other hand,
if a quasihole fuse with a quasiparticle in state 2(0, ǫ),
FIG. 4: The numbers from 1 to 10 labels the ten non-
equivalent classes of the composite particle enclosed by the
interferometer in the ν = 12/5 FQH state . The quantum
number inside the bracket denote the electric charge and the
topological charge of the state respectively. The arrows indi-
cate the transition direction at zero temperature. p
βb
σαaP
+
a→b
denote the forward transition rates.
the resulting state can be 3(e/5,Ψ2) or 4(e/5, σ1) with
probability 1τ2 and
1
τ respectively.
At zero temperature, when the voltage difference V
between S1 and D2 is positive, only transitions indicated
by the arrows in Fig. 4 can happen. For convenience,
we denote this forward transition (the transition along
the directions of the arrows) rate from state a to state
b as P+a→b. The total forward transition rate, defined as
P+a→b modified by the corresponding fusion probability, is
denoted as R+a→b = p
βb
σ1αaP
+
a→b, where αa and βb denotes
the topological charge of the state before and after the
fusion with a quasihole.
At finite temperature, quasiholes can tunnel from edge
2 to edge 1 such that transitions in Fig. 4 can occur in
directions both alone and against the directions of the ar-
rows. A backward tunneling event can be regarded as the
following physical process: a quasihole-quasiparticle pair
is created out of the vacuum near the tunneling point con-
tact, the quasihole tunnels to edge 1 while the quasipar-
ticle with charge −e/5 and topological charge σ2 tunnels
into edge 2 and fuses with the quasiholes enclosed by the
interference paths. As a result, the backward transition
rate R−a→b = p
βb
σ2αaP
−
a→b where P
−
a→b = P
+
b→ae
−eV /5kBT
is obtained from the detailed balance condition.
V. ZERO TEMPERATURE CURRENT
After classifying the states and obtaining the transi-
tion rates between them in section IV, we are ready to
calculate the tunneling current between the two FQH
edges with the help of Figs. 2 and 4. In this section, we
assume that the condition kBT ≪ qeV is satisfied such
that quasiparticle tunneling can happen only from one
edge to the other.
In the ν = 5/2 FQH state, there are four possible ways
to transfer one electron from S1 to D2. The four possible
ways are denoted as four different paths in Fig. 2. If
we take state 1(0, I) as the starting point, the four paths
are 1-2-4-5-1’, 1-2-4-6-1’,1-3-4-5-1’ and 1-3-4-6-1’ respec-
6tively. The average time it takes to transfer an electron
by path 1-2-4-5-1’ is t1 =
1
p3
+ 1p0 +
1
p0
+ 1p1 . The tun-
neling probabilities pk are given in Eq. (13). The prob-
ability to take path 1 is q1 =
p3
p3+p1
p0
p0+p2
. Similarly, we
can denote the average time taken to transfer an electron
through path i by ti and the corresponding probability
by qi. The average time to transfer an electron from S1
to D2 is t¯5/2 =
4∑
1
tiqi and the current is I5/2 = e/t¯5/2.
See Ref. 27 for a full derivation. The explicit expres-
sion of the tunneling current in terms of the tunneling
probabilities is:27
I5/2(V ) =
e
1
p1+p3
(2 + p3p0 +
p1
p2
) + 1p0+p2 (2 +
p0
p1
+ p2p3 )
.
(16)
It is important to note that when we change the sign
of the applied voltage, the tunneling current can be cal-
culated in the same way as above. However, the cor-
responding diagram in Fig. 2 is modified in two ways.
First, the directions of the arrows are reversed. More
importantly, the fusion probabilities are modified from
1/2(1) to 1(1/2). Hence, the resulting current is differ-
ent from the original one besides a change in the sign of
the current. In terms of the tunneling probabilities, we
have:
I5/2(−V ) =
e
1
p1+p3
(2 + p1p0 +
p3
p2
) + 1p0+p2 (2 +
p2
p1
+ p0p3 )
.
(17)
This observation is significant because it is a result
of the non-unity fusion probability and this property is
absent in the Laughlin states. The experimental obser-
vation of the asymmetric I-V curve provides evidence
for the existence of the non-Abelian excitations in the
ν = 5/2 FQH state.26 As shown below, the I-V curve in
the ν = 12/5 state is also asymmetric.
The diagram shown in Fig. 4 for the ν = 12/5 FQH
state is considerably more complicated than the ones for
the Laughlin states and ν = 5/2 state. In the rest of this
section, we will calculate the zero temperature current
with the kinetic equation approach.
The transitions between the 10 non-equivalent states
labeled in Fig. 4 are governed by the kinetic equations
for the system:24,27
dfi(t)
dt
=
10∑
j=1
[−fi(t)(R+i→j +R−i→j) + fj(t)(R+j→i +R−j→i)],
(18)
where fi(t) is the probability of the composite particle
inside the interferometer to be found in state i at time t.
In this notation, the tunneling current has the expression:
I = e∗
10∑
i=1
fi
10∑
j=1
(R+i→j −R−i→j), (19)
where fi are the steady state solutions of Eq. (18) and e
∗
equals e/5. At zero temperature, the backward transition
rates R−i→j equal zero. In this case, the steady state
solutions fi for the kinetic equations can be found easily
in the following way:
First, we define f ′k = fk
10∑
j=1
R+k→j , R˜i−1→i =
R+
i−1→i
R+
i−1→i+R
+
i−1→i+1
and R˜i−1→i+1 =
R+
i−1→i+1
R+
i−1→i+R
+
i−1→i+1
,
where i = 1, 3, 5, 7, 9 and we have used the notation
n = n + 10. With the steady state condition dfi(t)dt = 0,
we can rewrite the kinetic equations into a set of matrix
equations:(
f ′i
f ′i+1
)
=
(
0 R˜i−1→i
1 R˜i−1→i+1
)(
f ′i−2
f ′i−1
)
. (20)
From Eq. (20), we can see that f ′i + f
′
i+1 = C where C is
independent of i because R˜i−1→i + R˜i−1→i+1 = 1. As a
result, the tunneling current can be written as I = 5e∗C.
Denoting the 2 by 2 matrix in Eq. (20) by Mi−1, we
obtain a self-consistent matrix equation for f ′1 and f
′
2
which reads:(
f ′1
f ′2
)
= M10M8M6M4M2
(
f ′1
f ′2
)
. (21)
The solution of Eq. (21) is f ′1 = N [1 − (R˜2→4R˜4→5 +
R˜2→4R˜4→6R˜6→8 + R˜2→3R˜6→8)R˜8→9]R˜10→1 = Nf ′′1 and
f ′2 = N [1 − (1 − (R˜4→5 + R˜4→6R˜6→8)R˜8→9)R˜10→1] =
Nf ′′2 where N is a normalization factor. f
′′
1 (f
′′
2 ) can
be interpreted as the transition probability to state 1 (2)
from state 2 (1) after 5 tunneling events. Using Eq. (20),
we can generate f ′i = Nf
′′
i from f
′
1 and f
′
2. From the
solutions of Eq. (21), one can easily show that f ′1+ f
′
2 =
f ′i + f
′
i+1 = N(1 + R˜2→3R˜4→5R˜6→7R˜8→9R˜10→1) = C.
With the normalization condition
10∑
l=1
fl = 1, we conclude
that
N =
1
4∑
l=0
[f ′′2l+1
1
R+
2l+1→2l+4
+ f ′′2l+2
1
R+
2l+2→2l+3+R
+
2l+2→2l+4
]
.
(22)
As a result, in terms of the forward transition rates, the
tunneling current can be expressed formally as:
I12/5 =
5e∗(1 + R˜2→3R˜4→5R˜6→7R˜8→9R˜10→1)
4∑
l=0
[f ′′2l+1
1
R+
2l+1→2l+4
+ f ′′2l+2
1
R+
2l+2→2l+3+R
+
2l+2→2l+4
]
.
(23)
The form of the functional dependence of the current
on the transition rates in Eq. (5) does not depend on the
specific values of the transition rates. However, exploring
the symmetry in the transitions rates in Fig. 4, we have(
f ′1+2k(Φa)
f ′2+2k(Φa)
)
=
(
f ′1(Φa + 2k
′Φ0)
f ′2(Φa + 2k
′Φ0)
)
(24)
7where 2k′ = 2k mod 5 and k runs from 0 to 4. As a
result, the expression of the tunneling can be expressed
in a more manageable form.
I12/5 =
5e∗(1 + R˜2→3R˜4→5R˜6→7R˜8→9R˜10→1)
5∑
k=0
[f ′′1
1
R+1→4
(Φa + 2k′Φ0) + f ′′2
1
R+2→3+R
+
2→4
(Φa + 2k′Φ0)]
(25)
Eq. (25) can be further simplified as
I12/5 = 5e
∗ r0(|Γ1|2 + |Γ2|2)[α+ β cos(2πΦa + 5δ)]
γ + κ cos(2πΦa + 5δ) + ξ sin(2πΦa + 5δ)
(26)
where α, β, γ, κ, ξ are functions of R =
u|Γ∗1Γ2|
|Γ1|2+|Γ2|2 as
well as the applied voltage but independent of the ap-
plied magnetic flux. Their exact algebraic expressions
are lengthy and will not be shown here. The important
point is that α, γ ∼ 1+ ... and β, κ, ξ ∼ R5 + ... where ...
denotes the higher order terms in R. When R ≪ 1, for
example, when Γ2 ≪ Γ1, the tunneling current can be re-
duced to a sinusoidal form I = I0+IΦ cos(2πΦa+const).
In this limit, one can show that
IΦ(Γ1,Γ2) ∼ [I0(Γ1,Γ2)− I0(Γ1, 0)]b (27)
with b = 5/2. The exponent b in the k = 3 Read-Rezayi
state is the same as the one in the ν = 1/5 Laughlin
states24 but different from the one in the Moore-Read
state in which b = 2.26
If we change the sign of the voltage difference between
S1 and S2 such that quasiholes propagate from S2 to
D1, a similar diagram as the one in Fig. 4 with differ-
ent transition rates is obtained, resulting in a different
functional dependence of the tunneling current on the
applied magnetic flux. More specifically, the coefficient ξ
of sin(2πΦa + 5δ) in Eq. (26) will change its sign to −ξ
besides an overall change in the sign of the current.
In order to work out the diagram with V changed
to −V , we can imagine the following physical process:
a quasihole-quasiparticle pair is created out of the vac-
uum near S2, the quasihole with electric charge e/5 and
topological charge σ1 will tunnel to D1 through two
possible paths, S2-QPC1-B-QPC2-D1 and S2-QPC1-A-
QPC2-D1. The quasiparticle with charge−e/5 and topo-
logical charge σ2 will fuse with the composite particle in-
side the area enclosed by QPC1-A-QPC2-B-QPC1. Ac-
cordingly, we can obtain a new diagram similar to Fig. 4
and calculate the current with the procedures mentioned
above. The new diagram can be obtained by changing
the direction of the arrows in Fig. 4 with the fusion prob-
abilities modified from 1τ2 (1) to 1(
1
τ2 ).
We assume that the interferometer size L and the exci-
tation velocity satisfy the condition eV L/5hν ≪ 1 such
that the function u in Eq. (15) can be set to 1. Moreover,
we absorb the function r0 into the tunneling amplitudes
Γ1 and Γ2. The flux dependence of the tunneling current
I(Γ1,Γ2) in Eq. (25) is plotted in Fig. 5 with Γ1 = 1
in the appropriate units in all four curves. For the three
FIG. 5: Shows the flux dependent of I(Γ1,Γ2). Γ1 = 1 for all
the four curves. For the three solid curves, from the one with
the largest amplitude to the one with the smallest amplitude,
Γ2 equals to 1, 0.9 and 0.8 respectively. The dashed curve
depicts the magnitude of the current when V is changed to
−V with Γ2 = 1.
solid curves from the one with the largest amplitude to
the one with the smallest amplitude, Γ2 equals 1, 0.9 and
0.8 respectively. The dashed curve depicts the magnitude
of the current when V is changed to −V with Γ2 = 1.
We set the arbitrary phase δ = 0 in the calculation.
From Eq. (25) we see that the current is a periodic
function of the magnetic flux with period Φ0, this agrees
with the Byers-Yang theorem.33 The minimums of the
current occur at Φa/Φ0 = 1/2 mod 1 when δ = 0. This
can be explained by the fact that whenever Φa/Φ0 =
1/2 mod 1, one of the tunneling probabilities pl in Eq.
(15) can be much smaller than 1 given that u ≈ 1. For
example, if p2 is very small, the system will be “trapped”
at state 3( e5 , ψ2) for a long time before any tunneling
event can happen. This results in a minimum in the
tunneling current.
VI. ZERO TEMPERATURE SHOT NOISE
It was pointed out in Ref. 27 that measuring the
Fano factor e˜, which is defined as the ratio between the
shot noise and the tunneling current, can be an effective
way to probe non-Abelian statistics. It was shown that
the maximum Fano factor in the Laughlin state and the
Moore-Read state is e and 3.2e respectively where e is
an electron charge. It is shown below that the maximum
Fano factor in the k = 3 Read-Rezayi state can be as
large as 12.7e.
Shot noise is defined as the Fourier transform of the
current-current correlation function,
S(ω) =
1
2
∫ +∞
−∞
< Iˆ(0)Iˆ(t) + Iˆ(t)Iˆ(0) > exp(iωt)dt.
(28)
In this paper, we are interested in the low frequency limit
of the shot noise. In this limit, S can be written as27
S =< δQ2(t) > /t (29)
8where δQ(t) is the fluctuation of the charge Q(t) trans-
mitted during a period of time t when the measurement
time t is fixed.
In this section, we use the generating function method
developed in Ref. 27 to calculate the zero temperature
shot noise and the Fano factor. Without loss of general-
ity, we can assume that the fusion result of the quasipar-
ticle inside the interferometer at time t = 0 is in state 1
or state 2 as labeled in Fig. 4. Let us define Pk+5n,i(t) as
the probability that k+5n quasiparticles have transferred
from S1 to D2 at time t and the resulting composite par-
ticle is in state i. Here, we denote k = [ i−12 ] where [y] is
the largest integer k satisfying k ≤ y, n is an arbitrary
integer and i runs from 1 to 10. From the definition of
Pl,i(t), one can show that
P˙l,i(t) =
10∑
j=1
[−Pl,i(t)(R+i→j +R−i→j)
+Pl−1,j(t)R+j→i + Pl+1,j(t)R
−
j→i]. (30)
By defining
fi(x, t) =
∞∑
n=−∞
Pk+5n,i(t)x
k+5n, (31)
we immediately see that
< Q(t) >= e∗(
d
dx
10∑
i=1
fi)|x=1 (32)
and
< δQ2(t) >= e∗2(
d
dx
x
d
dx
10∑
i=1
fi)|x=1− < Q(t) >2 .
(33)
The time evolution of fi(x, t) is governed by the following
set of equations which can be derived from Eqs. (30) and
(31).
d
dtfi(x, t) =
10∑
j=1
[−fi(x, t)(R+i→j +R−i→j)
+xfj(x, t)R
+
j→i +
1
xfj(x, t)R
−
j→i].
(34)
Eq. (34) is reduced to Eq. (18) when x = 1 and
fi(x = 1, t) = fi(t) as it is clear from their defini-
tions. The above set of equations can be rewritten in
a vector form ~˙f(x, t) = M(x)~f (x, t) where M(x) is a
real 10 × 10 matrix. The solution of Eq. (34) has
the form fi(x, t) =
10∑
k=1
gik(x, t)e
λk(x)t, where λk(x) are
the eigenvalues of M(x) and gik(x, t)e
λk(x)t → 0 for
t → +∞ when λk(x) is negative. From Eq. (34), we
see that M(x) has diagonal elements which are nega-
tive, off-diagonal elements which are positive or zero,
and
10∑
j=1
Mij(x = 1) = 0 . Rohrbach theorem
34 tells us
that zero is a non-degenerate eigenvalue of M(x) and all
other eigenvalues are negative when x = 1. If we de-
note λ(x) as the unique eigenvalue which has the prop-
erty λ(x = 1) = 0 then
10∑
i=1
fi(x, t) can be written as the
sum of g(x)eλ(x)t and other unimportant terms which will
eventually go to zero when we set x = 1 at the end of the
calculations at large t. Together with the normalization
condition g(x = 1) = 1, we can show that
I =
< Q(t) >
t
=
e∗ ddx(g(x)e
λ(x)t)|x=1
t
= e∗
dλ(x)
dx
|x=1,
(35)
S =
< δQ2(t) >
t
= e∗2(
d2λ(x)
dx2
|x=1 + dλ(x)
dx
|x=1), (36)
and the Fano factor
e˜ = e∗(1 +
d2λ(x)
dx2
|x=1/dλ(x)
dx
|x=1). (37)
The derivatives dλ(x)dx |x=1 and d
2λ(x)
dx2 |x=1 can be deter-
mined by applying the first and second derivative opera-
tors on the characteristic equation, det[M(x)− λ(x)I] =
0, and setting x = 1 at the end of the calculation.
For the purpose of calculating the first and second
derivative of λ(x), we only need to know the lowest order
terms in λ(x) of the characteristic equation because of
the property λ(x = 1) = 0. If the characteristic equation
is written as:
...+A(x)λ2 +B(x)λ + C(x) = 0, (38)
where ... denotes higher order terms in λ(x), one can
show
dλ(x)
dx
|x=1 = −dC(x)
dx
|x=1/dB(x)
dx
|x=1 (39)
and
d2λ(x)
dx2 |x=1 =
−d2C
dx2
−2 dB
dx
dλ(x)
dx
−2A(x)(dλ(x)
dx
)2
B(x) |x=1. (40)
The kinetic matrix at zero temperature M(x)T=0 has
a simple structure which is shown in Eq. (41). The coef-
ficients A(x), B(x), C(x) in Eq. (38) can be determined
from M(x)T=0 after lengthly but straight forward calcu-
lations.
9M(x)T=0 =


−P0 0 0 0 0 0 0 0 0 xP4τ2
0 −(P1τ2 + P3τ ) 0 0 0 0 0 0 xP3 xP1τ
0 xP1τ2 −P2 0 0 0 0 0 0 0
xP0
xP3
τ 0 −(P0τ + P3τ2 ) 0 0 0 0 0 0
0 0 0 xP3τ2 −P4 0 0 0 0 0
0 0 xP2
xP0
τ 0 −(P0τ2 + P2τ ) 0 0 0 0
0 0 0 0 0 xP0τ2 −P1 0 0 0
0 0 0 0 xP4
xP2
τ 0 −(P2τ2 + P4τ ) 0 0
0 0 0 0 0 0 0 xP2τ2 −P3 0
0 0 0 0 0 0 xP1
xP4
τ 0 −(P4τ2 + P1τ )


(41)
The flux dependence of the Fano factor e˜ with Γ1 =
Γ2 = 1 is depicted in Fig. 6. We can see that when the
current is minimal at Φa/Φ0 = 1/2, e˜ ≈ 12.7e, which
is much larger than the maximum Fano factor in the
case of both the ν = 1/5 Laughlin state with e˜max =
1 and the Moore-Read state with e˜max ≈ 3.2e. The
large Fano factor can be understood in the following way:
suppose we tune the applied magnetic field such that
Φa/Φ0 ≈ 1/2 and p2 ≪ 1. The system can be trapped
in state 3 for a long time before a tunneling event can
happen which would drive the system to state 6. Once
the system is in state 6, a series of tunneling events can
happen in a relatively short period of time which would
drive the system to other states before getting trapped
at state 3 again. As a result, the Fano factor can be
much larger than 1 electron charge. Since the existence
of those by-pass roads (by-passing state 3) is a direct
consequence of the non-trivial fusion rules and braiding
rules, the observation of a Fano-factor which is larger
than one electron charge would provide evidence for the
existence of non-Abelian statistics in FQH states.
All the calculations above were performed in the case
of k = 3 Parafermion state, which corresponds to a
FQH state with ν = 13/5. As we mentioned before,
the ν = 12/5 state can be obtained by a particle-hole
transformation,10,19 which results in a change in a sign
of statistical angles as well as a sign change in the charge
carried by the tunneling quasiparticle. Consequently, the
tunneling probabilities pl in Eq. (15) will be changed to
p′l = p−l. The net effect is simply the same as changing
Φa to −Φa and δ to −δ at the end of the calculations
which will not affect our arguments.
VII. CONCLUSIONS
In conclusion, we have shown that in Mach-Zehnder
interferometer geometry, the tunneling current and the
zero temperature shot noise can be used to show the ex-
istence of k = 3 parafermion statistics in the ν = 12/5
FIG. 6: A plot of the Fano factor e˜(Γ1,Γ2)/e against Φa/Φ0
with Γ1 = Γ2 = 1.
FQH state. More specifically, the scaling exponent b in
the relation between the flux dependent part and the flux
independent part of the tunneling current in Eq. (27) is
5/2 in the ν = 12/5 Read-Rezayi state, in contrast with
b = 2 in the Moore-Read state, but is the same as the
case in the ν = 1/5 Laughlin state. However, I-V curve
in the ν = 12/5 Read-Rezayi state is asymmetric. This
property is absent in all Laughlin states. In addition, the
Fano factor in the ν = 12/5 Read-Rezayi state can exceed
12.7e when the current is tuned to its minimum value by
changing the applied magnetic flux. This number well
exceeds the maximum possible Fano factor in all Laugh-
lin states and the ν = 5/2 Moore-Read state which was
shown to be e and 3.2e respectively. The two key prop-
erties, namely, the asymmetric I-V curve and the larger
than one electron charge Fano factor, are direct conse-
quences of non-Abelian statistics. Their experimental
observations would provide evidence for the existence of
non-Abelian statistics in the ν = 12/5 FQH state.
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